CE 30125 - Lecture 7

LECTURE 7

DERIVATION OF DIFFERENCE APPROXIMATIONS USING UNDETERMINED
COEFFICIENTS

All discrete approximations to derivatives are linear combinations of functional values
at the nodes

+ E

f<p) _a, fa+a5 fﬁ""--"'“kfk
i = W7

The total number of nodes used must be at least one greater than the order of differentia-
tion p to achieve minimum accuracy O(h).

To obtain better accuracy, you must increase the number of nodes considered.

For central difference approximations to even derivatives, a cancelation of truncation
error terms leads to one order of accuracy improvement
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Forward second order accurate approximation to the first derivative

* Develop a forward difference formula for ﬁ.” which is E = O(h)” accurate

First derivative with O(h) accuracy = the minimum number of nodes is 2

First derivative with O(h)2 accuracy = need 3 nodes

o —o—0
I i+l +2

The first forward derivative can therefore be approximated to O(h)2 as:

at
dx

O fi+ Oy fie O3 S
B h

xle.

T.S. expansions about x; are:

Ji =i
1) h2 2) h3 3) 4
fror = Fit b+ 507 4 h + 0

fin = fit2hf 2047 4 §h3f§3) Lo’
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e Substituting into our assumed form of fgl) and re-arranging

O fi+ 0 [+ 03 fin (O +0,+03)
h B h i
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e Desire fﬁ” and 2™ order accuracy = coefficient of fﬁ” must equal unity and coeffi-

cients of f; and f§2) must vanish

Ol + Oy + Oy

h =0

(0, +205) = 1

Oy
(7 + 20c3)h =0
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» Solving these simultaneous equations

e Thus the equation now becomes

3 1
_5fi+2fi+l_§fi+2
h

= (0)f, + 2= DAV +(0)/? (- 2—- Z)hzf“) +0(h)’

—3f.+4f. . —f.
fgl): f; ]2(1]:-1 fl+2+%h2f(3)+0(h)3

* The forward difference approximation of 2"¢order accuracy

ﬁl) =3+ 4 1-Jis2
l

2 4(3)
> +E where E = hf
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Forward first order accurate approximation to the second derivative

e Derive the O(h) forward difference approximations to fgz)

e Second derivative = 3 nodes for O(h) accuracy

£ E_Oclfi"'OCZfi+1+O(3fi+2
- =

h2

* Develop Taylor series expansions for f;, f;,, and f; ,, substitute into expression and
re-arrange:

oy fi+ayfiy +0s3fi, (0 +0,+03)
2 - 2 i
h h

On + 20
+( 2 . 3)][51)

+ %(oc2 +405) iz)
h (3) 2
+ (ot + 8a3)6f§ +O(h)
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* In order to compute ff) we must have:

l2(0c1+oc2+oc3) =0
h
Lo, +2a) = 0

%(oc2 +404) =1

e Therefore

2 1 3
fg )= I‘;‘E(ﬁ+2—2fi+1+fi)+E where E = —hﬁ )
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Skewed fourth order accurate approximation to the second derivative

» Develop a fourth order accurate approximation to the second derivative at node i which
involves nodes i — 1, i and subsequent nodes to the right of node i

f§2) —  requires 3 nodes for O(h) accuracy

—  requires 4 nodes for O(h)2 accuracy
—  requires 5 nodes for O(h)3 accuracy

—  requires 6 nodes for O(h)4 accuracy

e Therefore we consider nodes

@ . 4 @ . 4 @ .
i-1 ] i+  +2  i+3 i+4

° 2) 1 .
fﬁ is approximated as:

f(z) E - Oy fi 1+ 0 fi+03 fi 1 +0y fion+0sfi3+06fia
" —E =

h2
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* Steps to solve for the unknown coefficients in the linear combination for f§2)
* Develop Taylor series expansions for f; |, fi, 1> fivo»> fivss fiva
* Substitute and re-arrange to collect terms on equal derivatives

* Generate equations by setting coefficients of f§2) to 1 and the remaining 5 leading
coefficients to zero
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NUMERICAL DIFFERENTIATION USING DIFFERENCE OPERATORS

Difference Operators

First order difference operators

» Consider the following full and intermediate nodes

h h

—& == @

AN L J
i-1 -172 0 +1/2 i+l

* First order forward difference operator

Afi=fi1- 1

* First order backward difference operator

VIi=fi-fi-a

 First order central difference operator defined using full node functional values

Ofi=fiv1-fi 1
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Notes

e Intermediate functional values are defined as
fx+3)
= flx; + 3

First order central difference operator defined using intermediate nodes

of;=f 1-f

i+ = 1—1
2 2

S
i+3

The central difference operator is defined at an intermediate node as

1+

of 1Efi+1—fi
p)

The order of the difference operator is related to the number of times that the operator
is applied and not to the order of accuracy

Higher order difference operators — simply repeat operation as indicated by the operator
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Second order forward difference operator

Af, = A(Af)
= Alfiy 1 —1)
= Afiy - A,

= iz fiv ) Uis 1)

2
Nfi = fiva—2fi 1 4]
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Third order backward difference operator

Vf, = V2(VFf)

= V(Ffi-f_))

= V(Vf;=Vf._])

= VI(fi—fi_)-(fis1—fi2)]

= VIfi-2fi_ +fi_5]

= Vf,-2Vf,_,+Vf._,

= (i~fic) =20~ fi D)+ (o= fi )

V3fi =fi-3i 1+3i S ;3

p.7.12



CE 30125 - Lecture 7

Second order central difference operator

5°f, = 8(3f))

= (i1 =) -Ui=fiz1)

52fi =fis1-i+)ia
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Second order mixed difference operator

* We can also apply different operators; e.g.

V' TA" D 1<m<n

» Applying a first order forward difference operator and then a first order backward differ-
ence operator

VAf;, = A(VS)
= AUi—fiy)
= A=Ay

= i1 =f)-Ui=fio)

AVf; = fiv1—2i+fi

* We note that 8> = AV = VA and in general 8*" = V"A" — (2m)" order central differ-
ence operator
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Approximations to Differentiation Using Difference Operators

af| _ i
dxxA_Axl-
daf| _ Vi
dxxA_Vxl-
df| %
dxx_le-

First order backward difference operator approximation to the first derivative

1y _ Vi
f§ ~ Vx,

1
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First order central difference operator approximation to the first derivative

PO of;

"y,

h?2  h/2

—o——o ox.=h

-172 1 i+1/2 :

E

2h
-1 I i+1

j{l):fi+1—fi_1
Lo 2h
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Central difference approximation to the first derivative as an average of first order for-
ward and backward difference approximations

* We note that first order central difference approximations can also be derived as arith-
metic averages of first order forward and backward difference approximations

[fi+;l_fi+fi_}]:i—l]

A Jiv1-Jio1
! 2h

» This concept can be generalized to central approximations to higher order derivatives as
well (see the next section)
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General difference operator approximations to derivatives

* In general we can approximate derivatives using

* Forward approximations

N'f,
fP=—t+rom)

hp
* Backward approximations
Vf,
S0 = Z’ +0(h)
h
* Central approximations
Vf+ AP
) f’ +5 fi -5 2
ff” = +0(h) p even
2K°
7 AP
) f’ +1%1 ' f’ _p%l 2
S = +0(h)°  podd
2h°
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» A complete operator approach to central differencing can be developed. However this
approach is somewhat artificial and overly complicated.
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