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QUESTION 1

Now consider a four-node problem with specified function values
xIr1 = 0 f1 =3
To =1 fo=5
r3 =2 f3=6
x4y =4 fa=12

a) Derive the Lagrange interpolation function using the power series approach g(x) = a + bz +
cx® + dz® by enforcing the constraints and solving the system of equations. Demonstrate
that your solution for g(x) works by evaluating g(z1), g(z2), g(x3), and g(x4).

Solution:

Specify g(z) = a + bx + cx? + dr3. By enforcing the functional constraints, we establish
a system of equations:

9(0) = a=
gl)=a+b+c+d=5
9(2)=a+2b+4c+8d=6
g(4) = a+4b+ 16¢ + 64d = 12
10 0 0] |a 3
111 1]]b] |5
1 2 4 8| |c| |6
1 4 16 64| |d 12
Solving the system of equations, we get
3 3
5 37
61— _1%71
-8
Therefore, the Lagrange interpolation function is g( ) =3+ %LL’ — %xQ + 24333.
Verifying the result, we evaluate g(z1) = ¢(0) = 3, g(x2) = g(1) = 5, g(z3) = ¢(2) = 6,

glwa) = g(4) = 12.



b) Derive the Lagrange interpolation function using the basis functions g(z) = fi¢1(z) +
fado(x) + faps(z) + faga(x). Use your knowledge, ¢;(z;) = 6;; and the fact that for each
function you know the roots and that ¢;(x;) = 1. Write and draw each ¢;(x). Demonstrate
that your solution for g(x) works by evaluating g(z1), g(z2), g(x3), and g(x4).

Solution:

The basis functions are:

(x — z2)(x — x3)(z — 34) 1 3 Tx? T
T) = =—(d-a)(-2+2)(-14+2)=-"+ " ——+1
(231( ) (a:l - xg)(xl - 1'3)(1'1 - x4) 8( )( )< ) 8 8 4
(x —z1)(x — 23)( — 24) 1 3 5 8z
T) = =-4d—-—z)(-14+zx)r=— —22°4+ —
¢2( ) (xg—xl)(xg—mg)(xg—x4) 4( )( ) 3 3
(x —z1)(x — 22) (2 — 34) 1 3 bx?
T) = =-4d4-x)(z—1)x=—4+——=
¢3(2) (3 — x1) (13 — 22) (3 — T4) 4( A ) 4 4
(z —x1)(x — x2)(x — x3) 1 2 2
= — (- —- 1 = — — 4+
¢4(7) (xg —x1)(1g — 22) (g —3) 24 (z=2)@ -1z 24 8 + 12
Draw each phi;(z):
phit phi2
wof
osf
Oupio ¢ N
1 3
=TT T T 1ol
FIGURE 1. ¢1(z) FIGURE 2. ¢2(z)
phi3 phi4
1.5: 1.0
Out[17]= Out[17]= oo
0.5; 04
1 2 3 4‘
FIGURE 3. ¢3(2) FIGURE 4. ¢4(x)

Then,
9(z) = fign(z) + fada(z) + f3ds(x) + faca(x)
= 3¢1 (I) + 5¢2($) + 6(;53(:6) + 12¢4($)
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At z = 1, it follows from ¢1(z1) = 1, ¢a(z1) = 0, ¢3(x1) = 0, Pa(x1) = 0 that g(z1) =
3x1+5x0+6x0+12x 0 = 3. Similarly, we can verify g(x2) =5, g(z3) =6, g(z4) = 12.

c¢) Simplifying your result in part b), show that it is exactly the same form as you obtained in
part a).

Solution:

From result in part b),
9(z) = f1é1(z) + fada(z) + fads(x) + fada(z)
= 3¢1(x) + 52(x) + 6d3(x) + 1204(x)

3 T2? T 3 5 8
=3(— 4+ — — 2 4 1) +5(=-2 -
(g +5 — g FUg -2+ )
3 5x2 3 2 T
4= 12(=— — 4+ —
HO- oo R - )
3 5 3 1.5 21 5 3,
=(—=4=-—>4= 104+ ===
(8+3 2+2)x+(8 0+2 2)95
21 40
= —6+1 3
+ ( T t3 + 1)z +
24 8 12

It is exactly the same result obtained from part a).
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QUESTION 2
Consider a two point problem

21=0 fi Y 7

a) Derive g(x) for this 2-node Cy Hermite. Show that your g(x) matches the constraints.

Solution:
If we assume the approximating function takes the form

g(x) = a +bx + cx® + da® + ex* + fa®

And

g () = b+ 2cx + 3dx? + dea® + 5 fa?

¢ (z) = 2¢ + 6dzx + 12ea® + 20 f2>

Then we get the system of equations:

a=fi
b=f"
2c = f1(2)

at+b+ctd+e+f=fo
b+2c+3d+4e+5f = fI
2+ 6d + 12¢ + 20f = 12

1000 0 0) [a n
01000 0]f]b )
0020 0 0f]c]| |s®
11111 1]||dl7]| £
0123 4 5]]e (1)
0026 122/ \f (2)
2
The solution is:

fi

(1)

1

1,(2)

2J1

~10f1 +10f2 = 61" —afs) = 37 4 117
15/ = 15+ 80" + 74" + 117 - 17
—6f1+6f 3£ = 3£ — 11 + 117

~ 0 Q0 o



The interpolation function is:
1 1.
9(@) = i+ fie+ o pPa?

3 1
+ (101 + 10> = 617 = 43" = SR+ S 157

2
2
3
+(15f1 — 15f2 + 8F + 7150 + §f1(2) Dy,
1 1
+ (=601 + 672 =307 =3 — 25+ 2 fP)a?

It is straightforward to verify g(z) matches all the constraints.



b) Derive and plot the basis function from part a) by factorizing all the specified data ( f1, f1(1)7 f1(2)7
f2, fg(l), 2(2)). Show that

¢i(w;) = dij ot (a;) =0 0 (z;) =0

Viw;) =0 vt (25) = 03 ¥ (w;) =0

Oi(x;) =0 0y () = 0 O (z;) = 5
Solution:

After factorizing (f1, fl(l) (2) fz,f2 ,f2 ) we get:

1
g@)=fi+ fVz+ §f1(2’m2

+(—10f1 + 102 — 6£ —afH) — S (2)+ f2 )
+ (154, — 15f, + 8V +7f(1)+§f1 — )t
(=61 +6f— 37 f(” 1f2 S

= f1-(1—102® + 152" — )—l—fg'(lOa; — 152 + 62°)
+ Y (- 6a® + 82t — 3965) + VL (—42® 4+ 72t — 327)

1 3 3 1 1 1
+ f(2) (f 2 5.%3 + 5304 — 5305) + f2(2) : (5.1'3 — g+ 51‘5)
Therefore,
$1(z) =1 — 1023 + 152* — 62° bo(x) = 102® — 152* + 62°
1
V1(x) =z — 623 + 8zt — 325 a(x) = 5:32 — 4z + 72t — 320
1 3 3 1 1 1
O1(z) = 5952 - 5903 + 5904 - 51‘5 O(x) = 5903 —zt 4 5935
We plot all these basis functions:
phi(x) i phi2(x)

FIGURE 5. ¢1(x) FIGURE 6. ¢2(z)



psi2(x)

psi1(x)
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FIGURE 7. 91 (2)
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FIGURE 10. O(x)

FIGURE 9. ©1(z)

And we verify the constraints on these basis functions.
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QUESTION 3
Consider the function:

f(x) — _1867101‘(2‘0878160.1695411‘ . 3‘3655969.830461 + 610%)

a) Use 2-node, 3-node, all the way to 50-node Lagrange interpolation defined over the entire

length x € [0,10] to fit the defined polynomial. What is the sum of the error at the nodes
ENodal = Y1 | f(x:) — g(x;)|? What is the integral error Epora = [ | f(z) — g()|dz?

Hint: To calculate the total error (which is actually Ly error on the interval), you can simply

use large number of points (say 1000), and use 57 nyzﬂf(xk) — g(xr)| to approximate the
integral.

Solution:

log-I1 error

I I I . I I I I . ) - - . -
0 1 2 3 4 5 6 7 8 9 10 0 5 10 15 20 25 30 35 40 45 50
x numeber of nodes

Ficure 11. Plot of interpo- FI1GURE 12. Log L1 error vs
lated function with number of number of nodes
nodes from 2 to 50.



b) Use piecewise linear Lagrange Cj interpolation to derive g(x) using between 1 element and
50 elements with the length of each element being constant. Plot your interpolation g(x)

against f(x). What are your nodal and integral errors.

Solution:

log-I1 error
o

L L L L L L L L L ) L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10 0 5 10 15 20 25 30 35 40
numeber of nodes

FiGure 13. Plot of interpolated FIGURE 14. log L' error
functions. Number of elements

from 1 to 50.

L
45 50
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c¢) Repeat part b) but now apply non-equispaced elements (you can decide where to place them)

in order to distribute elements and nodes.

Solution:

Since f(x) changes dramatically in the interval [0,2], and slowly in the interval [2,10], I
picked 80% of the total nodes from the interval [0, 2], and remaining 20% from the interval
[2,10]. Applying these non-equispaced elements, the result is a little bit better than the

result in part b).

351

30

25

20

FiGURE 15. Plot of interpolated
functions. Number of elements
from 1 to 50.

Log(Integral Error)

FIGURE 16. log L' error
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QUESTION 4
Consider
d2f
@—i—lOf:S, x € [0, 10]
with b.c.’s
f‘x:OZ A
d
dii r=10— B

Assume we will be developing a Galerkin weak weighted residual form and will therefore be using
Cy Lagrange interpolation on three four-node elements.

a) Define all local and global variables.

Solution:

1 e\ \ A

domd Y 2 Uy Wy
2 ne W2 T

Uom 2 W z W3 Uk‘; PO
olim 3 ‘ = Tk ¥

oo W U Uy Us W W U g W

FI1GURE 17. Local and Global Nodes

b) Write f,,, using local expansion over these three elements.

Solution:

Using local expansion, we have
o =001+ 200 DD
u§2)¢§2) +Ug2)?/)§2) +U§2)1!)§,2) +U1(12)1/&(12)+
u§3)¢§3) +ué3)w§3) +U;(>)3)¢§3) _’_UELS) 4(13)

) 4(11)-1-
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c) Sketch the local basis functions.

Solution:

q,\\l ) \

2 s N : ; . .. .

q/‘\l L

e am—

o .

N A
V2 P
[{/i;) - . /\\ o
p Wt 9 / :
4 L — o
L[,B) L ‘
\ . . \\—//‘—\_,
((,‘3} e
5 o
%) s ) iy /’—'\
LP;’ - i /’\\‘ |/
: S

FI1GURE 18. Local basis functions



d) Refine fqp, by incorporating boundary conditions.

Solution:

13

Since we are using weak form, f4,, only need to satisfy the essential boundary condition, i.e.
fapp‘:c:(): A.

From the sketch of all the local basis functions, we find that at the first node x = 0, 1/)51)(56 =
0) = 1 while all the other functions are zero at the first node.Thus,

e) Map all local variables to global variables and substitute.

Solution:

fapp|m=O:

(1)

U Xx1l=u

1
0= 4

Enforcing the functional continuity constraints, we have

ohgm 4
hom 2
oom 2
’70l/o\al7\k

ué(ll):u?):uzl

uf):ugg):zw
1 | R W \ \ \ 1 \ SN
1 )] W) [V
Ml) 2 lk; Wf‘ .

CA I ] I,

T §

19 153 Uy 1 Us | ws .\/u; Wy | Ue g e

Ficure 19. Map the local variables to global variables
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f) Consolidate the local basis functions into global basis functions.

Solution:
From
ufll) = ug2) = Uy
uf) = u§3) = uy
we have ) )
da = +0f”
yr =& + Y
And now
fapp :ugl)q/’?) ;1)7# +u 3 w 4(1 ¢(1)
2) (2 2
P + é vs? +ufus P+
(3)%3) + u2 ¢2 + u:(f)w ( ¢(3)

=u{pM) 4yl 4y Py
ud (Y + 9P+
uf)wf) n ug2)¢§2)+
uP (P + )+
ué‘””wé?’) N u§,3’¢§,3) N %(13)1/&(;3)
=u1P1 + uo + uz3z + ugty + uss+
uge + urtr + ugtPs + ugtg + u10t10



g) Sketch global basis functions.

Solution:

Lh: LH) L\. P -~ : . )

~_7
\{,Z:\P\\z) /_\\/ : \ " "
b= 4y T . NPT
ey

AP
=47 e LN
o=l e TN

3

(ﬁ:waf%%)k 4 . ;::i ///T\\\ LN

b=y . . e TN

%:q/%) . . ‘ ) ‘ s
%

e e a—

F1GURE 20. Global basis functions

15
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h) Identify how many local unknowns, global unknowns, and functional continuity constraints
are.

Solution:

There are in total 11 local unknowns, 9 global unknowns, and 2 functional constraints.
(From the essential boundary condition, we already have u; = ugl) =A)

i) How many weighting equations will you need implement globally.
Solution:

We will need 9 weighting equations to implement globally.
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QUESTION 5 Repeat Problem 4 except now assume that we will be developing a least square
weighted residual form and will therefore be using €'y Hermite interpolation.

a) Define all local and global variables.

Solution:
- | | l
\ ® ,,%
W W W UYus U Uy

2 3
W Wy ug U,
wpw o W /
\ Mz s (A¢ uk.?»’ Mﬁl&”

@ w2 ey
v Az (/h,,

local  wnknoun famcton  yudues

R &
sl , UG@( Wiknaun  derweative. volies

A e Us Ue U Ue Uy Up u? Up ;/OM[,{WH ﬁ“"—C{'Joh vedues

FIGURE 21. Local and Global Nodes
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b) Write f,,, using local expansion over these three elements.

Solution:

Using local expansion, we have

N oY O Y0 B P N CO P N € VX O R 1 B O S B R
u‘)(2)+é)(2)+3¢(”+§””+§1/11 @ D @y 51)<2>+
160 4 06 + uP6® 1+ u®e® 4 u®p® 4 <3>/¢2 T 1/,(3) WD y®.



c¢) Sketch the local basis functions.
Solution:

Please see the following page.

19
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FIGURE 22

. Local basis functions
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d) Refine fqp, by incorporating boundary conditions.
Solution:

Now we are using least square weighted residual form, f,p, should satisfy not only the
essential boundary conditions, but also natural boundary conditions. Therefore, we have

fapp‘x:O: A
dfa

PP
— | ._10=B
dx =10

At the first node, i.e., x = 0, only qﬁgl)(:z: = 0) = 1, all other Hermite basis functions are
defined as zero at the first node.

(3)
Similarly, at the last node, i.e., x = 10, only d%]m:w: 1, all other Hermite basis functions
have zero slope at the last node.

Thus,
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e) Map all local variables to global variables and substitute.

Solution:

Enforcing the functional continuity constraints, we have

(1) (2)

Uy =uy =g
uf) = u§3) = uy

Similarly, enforcing the first-derivative continuity constraints, we have
A =
W2

For i = 1,2,3 and j = 2,3, we can map the variables uy) and ug.i)/ as follow:

Ug = ugl)
ug = uél)
us = u(22)
Ug = u:(f)
ug = ug?’)
ug = u:(gg)
uy = u
wy = ul)
Uy = qu)/
= u”
up = us?



f) Consolidate the local basis functions into global basis functions.

Solution:
From
Uz(ll) = Ug2) = U4g
uf) = u§3) = uy
&
Y
we have
¢1 = oV
02 = 65
3 = o
¢a = ¢ + o
05 = ¢"
d6 = 65
o7 = o)) + oY
s = ¢
g = ¢
10 = 5
Y =)
o = SV
s = iV
g =i +
s = iV
Yo = P
dr =+
s = P
o = )
o = v

Using global expansion, f4,, can be expressed into
10
fapp = Z(uz¢z + uhﬁz)

=1
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g) Sketch global basis functions.

Solution:

/

N
o

N\

v

S~
SN

g : p——

SN

_/7\/
%
f\.\f/".

N Faw
e
. P
R A
VA P
S
S N R
T Ve
o
?l L . . . . . W
‘l”r. . P .
Ve
T N

FIGURE 23. Global basis functions
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h) Identify how many local unknowns, global unknowns, and functional continuity constraints
are.

Solution:

There are in total 24 local unknowns, 20 global unknowns, 2 functional constraints, 2 deriv-
ative constraints.

i) How many weighting equations will you need implement globally.
Solution:

We will need 20 weighting equations to implement globally.



